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We present and test a new method for simulating dynamial fermions with fat links. Our on-
strution is based on the introdution of auxiliary but dynamial gauge elds and works with any
fermioni ation and an be ombined with any fermioni updating. In our simulation we use an
over-relaxation step whih makes it eetive. For four avors of staggered fermions rst results
indiate that avor symmetry at a lattie spaing a ≈ 0.2 fm is restored to a few perent. With the
standard ation this amount of avor symmetry restoration is ahieved at a ≈ 0.07 fm. We estimate
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ost is redued by at least a fator 10.
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2I. INTRODUCTION
Improved ations redue lattie artifats and thus allow simulations at oarser lattie spaing, larger lattie quark
masses and smaller lattie volumes. The use of improved ations in large sale numerial simulations has been
inreasing steadily. For dynamial simulations a fator of two improvement in lattie spaing an easily translate
to a gain of 100 in omputational ost, whih usually more than ompensates for the redution in eieny of the
algorithm. Systemati improvement programs remove lattie artifats perturbatively [1, 2, 3, 4℄ or non-perturbatively
[5, 6, 7, 8℄ by adding irrelevant operators to the ation. The use of fat or smeared links is part of many of these
improvement programs [9, 10℄. Smearing the links of a lattie ation does not hange the long-distane properties of
the system but by smoothing out short sale lattie vauum utuations, it redues lattie artifats. Fat link ations
by themselves show improved saling properties, espeially in quantities most sensitive to short distane utuations.
For Wilson-type lover fermions, hiral properties show signiant improvement in fat link quenhed simulations
[11℄. Fattening removes many small disloations and that redues the spread of the real eigenmodes of the Dira
operator and the ourrene of exeptional ongurations. The perturbation theory for fat-link Wilson-type fermions
has been worked out in [12℄, showing that the additive mass renormalization is small, the renormalization fators are
very lose to one and the tree-level lover oeient cSW = 1.0 is expeted to be lose to the non-perturbative value.
Fat links have also been suessfully used in overlap ations [13, 14℄. The improved hiral properties of fat link
ations result in signiantly faster onvergene in evaluating Neuberger's formula.
The use of fat links with staggered fermions improves avor symmetry. In the staggered fermion formulation the
four omponents of a Dira spinor oupy dierent lattie sites and onnet to dierent gauge elds, leading to avor
symmetry breaking. The avor symmetry breaking is espeially evident for the pions: only one of the pseudosalar
mesons is a true Goldstone partile, the others are massive even at vanishing quark mass. Sine avor symmetry
breaking is basially due to the utuations of the gauge elds within a hyperube and is partiularly sensitive to
disloations, loal smearing of the gauge links is very eetive in reduing avor symmetry breaking. Several quenhed
simulations veried this onjeture [15, 16, 17℄. Dynamial simulations with one level of smearing [18, 19℄ found similar
improvement. Perturbative studies of avor symmetry breaking also support the use of fat links [20℄.
Dynamial simulation of fermion ations with fat links an be very ompliated. Even in the simplest ase where
the fat link is onstruted as a sum of several paths onneting the fermions, the fermioni fore term will have many
more terms than with thin link ation. If the fat link is projeted bak to SU(3) and the fattening proedure is iterated
(as proved to be most eetive in quenhed simulations), diret alulation of the fermion fore term beomes nearly
impossible.
In this artile we present a new method for simulating fat link fermion ations with many levels of projeted
smearing. The basi idea is to introdue an auxiliary but dynamial gauge eld for eah smearing level. These gauge
elds ouple to eah other by bloking kernels representing one level of smearing. The last of the auxiliary gauge elds
ouple diretly to the fermions just like ordinary thin links, thus avoiding the ompliated gauge fore omputations.
Our onstrution does not onsider the systemati improvement of the ation, but it an be ombined with any thin
link fermioni ation. Combining systemati improvements of a thin link ation with fat link fermions an lead to
further systemati improvement.
To motivate our hoie of fat link ation in Set. 2 we study avor symmetry breaking with staggered fermions
in the quenhed approximation. We onsider valene ations with dierent levels of smearing and we ompare the
results with the standard thin link ation. The quenhed simulation suggests that with three levels of projeted fat
links avor symmetry improves to a level orresponding to a fator of 2.5 hange in lattie spaing.
In Set. 3 we present our general onstrution of a fat link fermion ation. We suggest ombining dierent updating
methods in the numerial simulation. The simplest is to update the original and all but the last auxiliary gauge elds
using Metropolis updating. The last level auxiliary gauge eld ouples to the fermions. Any fermioni updating an
be used, we onsider moleular dynamis updating here.
Unfortunately this oupled system is very rigid and evolves extremely slowly under loal updating. In Set. 4 we
disuss a global over-relaxation step that improves the situation onsiderably. Over-relaxation updating based on the
gauge ation is usually not very eetive for fermions [21℄. The situation here is quite dierent. Sine the fermions
ouple to a several times smeared smooth gauge eld, we nd that one an update up to (0.3 fm)4 part of the lattie
and still have a large enough aeptane rate to make the algorithm eient.
In Set. 4 we speify the ation for four avors of staggered fermions and disuss the over-relaxation update
in detail. One iteration of our algorithm is omposed of 100 over-relaxation, one Metropolis and one moleular
dynamis steps. This ombined updating is about 15-20 times slower than a moleular dynamis thin link updating
and has about the same autoorrelation times. Considering that we gain well over a fator of 100 from the improved
saling properties, this ost is aeptable. Our rst results with this algorithm onrms the quenhed results for
avor symmetry breaking. We nd that avor symmetry violations are redued to a few perent at a lattie spaing
a ≈ 0.20 fm.
3FIG. 1: The mass mpi of the lightest non-Goldstone pion as the funtion of the mass mg of the Goldstone pion in the quenhed
approximation. Fig. 1a) shows results for β = 5.7 using both a thin link and dierent fat link valene ations. In Fig. 1b)
results obtained with our best fat link ation on β = 5.7 bakground are ompared with thin link ation results on β = 5.7,
β = 6.0 and β = 6.2 bakground ongurations. The lattie spaing hanges by a fator of 2.5 between β = 5.7 and β = 6.2.
In Set. 5 we summarize our results and disuss the future diretions.
II. FAT LINK ACTIONS AND QUENCHED SPECTROSCOPY
In this setion we investigate the spetrum of fat link staggered ations in the quenhed approximation. Previous
extensive studies [17℄ have demonstrated the improvement in the restoration of avor symmetry due to the smearing
of the gauge links. Our goal here is to motivate the parameters of our dynamial fat link ation.
We fatten the gauge links using APE smearing [22℄: the smeared or fat link Q is onstruted from the thin link U
as
Qi,µ = (1 − α)Ui,µ +
α
6
Σi,µ(U) , (1)
where Σi,µ(U) is the sum over the six staples around the link Ui,µ. We use the index i to label the lattie sites and
the index µ to label the four spae-time diretions. The smearing proedure eq. (1) an be iterated if the fat link Q
is projeted to SU(3)
Wi,µ = ProjSU(3){Qi,µ}. (2)
The n-th level fat link is given by
Q
(n)
i,µ = (1− α)W
(n−1)
i,µ +
α
6
Σi,µ(W
(n−1)) , (3)
where Σi,µ(W
(n−1)) is the sum of staples aroundW
(n−1)
i,µ , the (n−1)-th level fat link projeted onto SU(3) (W
(0) ≡ U).
In the following we label by N the number of smearing iterations or levels. Perturbative arguments [12℄ show that
for values of the smearing parameter 0 ≤ α ≤ 0.75 the smearing orders the gauge onguration suppressing small
sale utuations. If α > 0.75 the smearing eventually disorders. In the following we hoose, somewhat arbitrarily,
α = 0.70.
We onsider two dierent SU(3) projetions : a deterministi projetion Wmax,i,µ dened by
ReTr(Wmax,i,µQ
†
i,µ ) = max
W∈SU(3)
ReTr(W Q†i,µ ) (4)
and a probabilisti projetion Wλi,µ, where W
λ
i,µ is hosen aording to the probability distribution
P (W ) ∝ exp[
λ
3
ReTr(WQ†i,µ)] (5)
4FIG. 2: The mass renormalization in the quenhed approximation at β = 5.7 for the thin link and dierent fat link valene
ations. In addition to the ations used in Fig. 1, we show the results for N = 1 level of non-projeted (np.) APE smearing.
with projetion parameter λ. For λ =∞, eq. (5) is equivalent to eq. (4).
To illustrate the eet of fat links on avor symmetry restoration we alulated the pion spetrum on a set of 83×24,
β = 5.7 (a = 0.17fm) quenhed latties. In Fig. 1a) we plot the masses of the (would-be) Goldstone pion πg and the
lightest non-Goldstone pion, πi5, orresponding to the representation γ5 ⊗ γiγ5. We label the representation of the
states following [23, 24℄ by ΓS ⊗ ΓF , where ΓS labels the spin and ΓF labels the SU(4) avor. The pion masses are
expressed in units of the Sommer sale r0 (r0 = 2.87a at β = 5.7) [25℄. In addition to the thin link we onsider three
fat link valene ations: N = 1 and N = 3 levels of smearing with projetion parameter λ = 500 and N = 3 levels
of smearing with projetion parameter λ = 100, all with α = 0.7. We observe onsiderable improvement from N = 1
to N = 3. Also, λ = 100 for the projetion parameter is learly not as eetive as λ = 500. Inreasing the number
of bloking levels N or the projetion parameter λ further does not improve the situation substantially but inreases
the omputational eort onsiderably. In the rest of this paper we will onsider the fat link ation orresponding to
N=3 levels of bloking with projetion parameter λ = 500 and APE parameter α = 0.7. While these parameters are
not unique, they seem to be lose to optimal.
To get a feel for the amount of improvement one an ahieve with this fat link ations, in Fig. 1b) we ompare
the N = 3, λ = 500 ation with thin link data at β = 5.7, 6.0 and 6.2. The data for the last two β values are from
ref. [24℄ and orrespond to lattie spaings a = 0.095 fm and 0.069 fm and Sommer parameters r0 = 5.26a and 7.25a,
respetively [26℄. The N = 3 , λ = 500 smearing redues avor symmetry violations on the β = 5.7 ongurations to
the level obtained at β = 6.2 with thin link ation, a fator of 2.5 improvement in lattie spaing. The omputational
ost of full QCD grows at least as 1/a6 [3℄ and for ertain quantities even as 1/a10 [27℄. A fator 2.5 in the lattie
spaing means a fator 200− 104 in the omputational osts.
Finally, in Fig. 2 we plot the square of the Goldstone-pion mass as a funtion of the bare quark mass. All
measurements are on the β = 5.7 gauge ongurations using thin link and dierent fat link ations. In addition to the
ations onsidered in Fig. 1, we show the results for N = 1 level of non-projeted APE smearing. Fat link perturbation
theory predits that the mass renormalization onstant beomes perturbative as N inreases. We see that the mass
renormalization after one level of non-projeted smearing is almost the same as without smearing. Inreasing the
smearing level and the value of λ indeed redues the multipliative mass renormalization fator.
III. DYNAMICAL FERMIONS WITH FAT LINKS
The quenhed results show that smearing the gauge links onsiderably improves the avor symmetry of staggered
fermions. There is evidene that these results arry over to dynamial simulations [18℄ where one level of smearing
is implemented. Beause of the gauge fore omputations in the moleular dynamis equations of motion, it is very
ompliated to simulate fermions with many levels of smearing, even impossible if projetion of the gauge links onto
5SU(3) is made after eah smearing step.
Our method to overome this diulty is to introdue of a set of auxiliary but dynamial gauge elds whih ouple
to eah other in the ation by bloking kernels representing one level of smearing. The last level auxiliary gauge eld
ouples diretly to the fermions in the same way the usual thin links do. The problem of the omputations of the
gauge fore is transferred to the gauge setor where it an be solved. This onstrution an be used for any fermion
ation whih an be simulated with thin links.
Let us start onsidering fermions oupled to fat links onstruted with one level of smearing from the thin links
Ui,µ. We introdue a dynamial auxiliary gauge eld V and we dene the ation
S = −
β
3
∑
p
ReTr(Up)−
λ
3
∑
i,µ
ReTr(Vi,µW
†
max,i,µ(U))− tr ln[M
†(V )M(V )] . (6)
Here p labels the plaquettes Up, Wmax(U) is the SU(3) projetion eq. (4) of the fat link given in eq. (1) and M(V ) is
the fermion matrix. The bloking parameter λ onstrains the auxiliary gauge links Vi,µ to be lose to the projeted
fat links Wmax,i,µ(U). Flutuations of the eld V are proportional to 1/λ. This is a dynamial realization of the
projetion eq. (5). In eq. (6), Tr means the trae over SU(3) olor whereas tr means the overall trae over spae-time
indies i, diretions µ, spin and olor.
For many levels of smearing, we introdue a set of dynamial auxiliary gauge elds W (1),W (2), . . .W (N) ≡ V , one
for eah level of smearing. The ation eq. (6) is generalized to
S = −
β
3
∑
p
ReTr(Up)−
λ
3
∑
i,µ
ReTr(W
(1)
i,µW
†
max,i,µ(U))
−
λ
3
∑
i,µ
ReTr(W
(2)
i,µW
†
max,i,µ(W
(1))) . . . −
λ
3
∑
i,µ
ReTr(Vi,µW
†
max,i,µ(W
(N−1)))
−tr ln[M †(V )M(V )] . (7)
This ation is in the same universality lass as the original thin link ation. If the bloking parameter is λ =∞, the
auxiliary gauge elds an be integrated out and the resulting ation is a plaquette gauge ation while the fermions
ouple to deterministially projeted fat links. If λ 6= ∞, the integration of the auxiliary gauge elds will introdue
additional gauge terms. These new terms depend on the thin link variables in a ompliated way, but they are all
loal terms ontaining only a nite number of link variables. Thus, these terms do not hange the universality lass
of the ation.
The updating of this system an, in priniple, be done by a sequene of Metropolis updatings for the elds
U,W (1), . . .W (N−1) and by the standard updating for the fermion matrix M , with the only dierene that now
the last auxiliary gauge eld V enters the fermion matrix.
The problem of this basi algorithm is that the system with large λ is very rigid and evolves very slowly. To ure
this problem, we use a hybrid over-relaxation algorithm [28, 29, 30, 31, 32, 33, 34, 35, 36, 37℄ with
⋆ Metropolis updating for the gauge elds U,W (1), . . .W (N−1),
⋆ standard algorithm for the fermion matrix M(V ) and
⋆ global over-relaxation for all the gauge elds U,W (1), . . . V
In the next setion we disuss how an over-relaxation an be implemented. It plays a key role in reduing the
autoorrelation times of the Metropolis update. Note that the over-relaxation update is eetive only beause the
fermions ouple to the smooth fat links.
IV. OVER-RELAXATION WITH FAT LINKS
Our over-relaxation update is based on the usual over-relaxation reetion step used in pure gauge systems that
leaves the gauge ation invariant [32, 33℄. We reet the thin links just like in the standard over-relaxation algorithm
by sweeping in a given order through some part (or all) of the lattie
U → U ′ . (8)
6These hanges are followed by a transformation of the fat links
W (1)′ = W (1)W †max(U)Wmax(U
′) , (9)
W (2)′ = W (2)W †max(W
(1))Wmax(W
(1)′) , (10)
. . .
V ′ = VW †max(W
(N−1))Wmax(W
(N−1)′) . (11)
All links for a given level are reeted and then the next level gauge eld is hanged. The reetions must be performed
in the order given by eq. (8)-eq. (11). This transformation leaves the gauge part of the ation invariant, but the
fermioni part will hange and a Metropolis aept/rejet step must be performed. In order for this updating to satisfy
detailed balane, the probability P for hanging the gauge eld onguration {U,W (1), . . . V } to {U ′,W (1)′, . . . V ′}
has to be equal to the probability for the reversed hange, i.e.
P ({U,W (1), . . . V } → {U ′,W (1)′, . . . V ′}) = P ({U ′,W (1)′, . . . V ′} → {U,W (1), . . . V }) . (12)
This an be ahieved by hoosing with probability 1/2 either a given sequene of the thin link reetions eq. (8) or
with equal probability the reversed sequene [21℄. The sequene has to be reversed with respet to the diretion and
loation of the thin links and with respet to the index of the SU(2) subgroup. The thin link reetions are then
followed by the loal reetions eq. (9)-eq. (11) for the auxiliary gauge links. For a given level of auxiliary gauge eld
the reetions are independent of the order with whih we sweep through the lattie and they are symmetri under
exhange of primed and unprimed quantities. If we start from a gauge eld onguration {U,W (1), . . . V } and apply
eq. (8)-eq. (11) twie with the sequene of thin link reetions reversed, we ome bak to the original onguration.
This over-relaxation algorithm satises detailed balane and is a legal update of the system. To ahieve ergodiity
though, one must still perform some updatings with the basi algorithm.
For the Metropolis aept-rejet step following the hanges eq. (8)-eq. (11) we have to alulate the ation, i.e. we
need an expliit form of the determinant to evaluate. For four avors of staggered and two avors of Wilson fermions
this is trivially realized. In terms of pseudofermion elds Φ the ation eq. (7) is
S = Sg(U,W
(1), . . . V ) + Φ†[M †(V )M(V )]−1Φ , (13)
where M(V) represents the fermion matrix. The equilibrium probability distribution of the gauge elds U,W (1), . . . V
is given by
Peq(U,W
(1), . . . V ) ∝ e−Sg(U,W
(1),...V ) det(M †(V )M(V )) . (14)
Sine the pure gauge part of the ation is invariant under the over-relaxation move of the system, the aeptane
probability is
Pacc(V
′, V ) = min
{
1,
det(M †(V ′)M(V ′))
det(M †(V )M(V ))
}
. (15)
Pacc depends only on the last level auxiliary gauge links. The goal is to eiently ompute the aeptane probability.
Instead of alulating the determinant in eq. (14) we use a stohasti estimator to approximate Pacc[38, 39℄
P ′acc(V
′, V ) = min
{
1, eξ
†[M†(V ′)M(V ′)−M†(V )M(V )]ξ
}
, (16)
where the vetor ξ is generated aording to the distribution
P (ξ) ∝ e−ξ
†M†(V ′)M(V ′)ξ . (17)
After onguration averaging, this proedure satises the detailed balane ondition [39℄.
If the gauge elds V and V ′ are very dierent, the aeptane rate from eq. (16) will be small even when the
fermioni determinants are atually very lose. This is beause of the large utuations of the stohasti estimator.
To improve the aeptane rate, we attempt to remove the most ultraviolet part of the fermioni matrix and inlude
it expliitly as an eetive gauge ation. The resulting redued matrix gives a muh higher aeptane in eq. (16).
For heavy fermions the fermion determinant gives rise to an eetive plaquette term for the gauge eld [40℄. Even
for small quark masses the ultraviolet part of the fermion determinant an be well approximated by an eetive loop
7ation involving only small Wilson loops [41, 42, 43℄. These observations suggest to remove the plaquette term from
the fermion matrix by introduing a redued matrix Mr as
M(V ) = Mr(V )A(V ) with (18)
A(V ) = eα4D
4(V )+α2D
2(V ) , (19)
where D is the kineti part of the fermion matrix. In terms of Mr the fermion determinant beomes
det(M †(V )M(V )) = det(M †r (V )Mr(V )) e
−Seff (V ) , (20)
Seff(V ) = −2α4Re tr[D
4(V )]− 2α2Re tr[D
2(V )] . (21)
The eetive ation Seff(V ) an be evaluated expliitly. In general it is the sum of a plaquette term oming from
tr[D4(V )] and a onstant from tr[D2(V )]. The real parameters α2 and α4 are free and an be optimized. In a
dierent ontext, a deomposition of the fermion matrix like eq. (18) has been proposed in [21℄ motivated by the
hopping parameter expansion.
In terms of Seff(V ) and Mr(V ) the aeptane probability is
Pacc(V
′, V ) = min
{
1,
e−Seff (V
′) det(M †r (V
′)Mr(V
′))
e−Seff (V ) det(M †r (V )Mr(V ))
}
. (22)
It an be approximated by generating a vetor ξ aording to the distribution
P (ξ) ∝ e−ξ
†M†r (V
′)Mr(V
′)ξ
(23)
and eq. (22) beomes
P ′′acc(V
′, V ) = min
{
1, eSeff(V )−Seff (V
′)+ξ†[M†r (V
′)Mr(V
′)−M†r (V )Mr(V )]ξ
}
. (24)
In pratie, we start by generating a random Gaussian soure R aording to the probability distribution
P (R) ∝ e−R
†R
(25)
from whih we form the vetors
Φ′ = M †(V ′)R , (26)
X ′ = [M †(V ′)M(V ′)]−1Φ′ . (27)
The vetor ξ in eq. (23) is then given by ξ = A(V ′)X ′ and we an write the fermioni terms in eq. (24) as
ξ†M †r (V
′)Mr(V
′)ξ = Φ′†X ′ , (28)
ξ†M †r (V )Mr(V ))ξ = X
′†A†(V ′)A†(V )−1M †(V )M(V )A(V )−1A(V ′)X ′ . (29)
The aeptane probability strongly depends on the parameters α2 and α4. The optimal value an be found numeri-
ally. We will disuss our hoie in the next setion.
This proedure is not eetive if the fermion matrix depends on thin links, beause the utuations in the stohasti
estimator are too large even after the removal of the D4 and D2 terms. When the links in the fermion matrix are
smeared, these utuations are onstrained. This is the key feature whih makes the over-relaxation eetive with fat
links.
V. PERFORMANCE OF THE ALGORITHM
For testing our fat link ation we deided to simulate Nf = 4 avors of staggered fermions. The fermion matrix is
given by
M(V )i,j = 2mδi,j +
∑
µ
ηi,µ(Vi,µδi,j−µˆ − V
†
i−µˆ,µδi,j+µˆ) , (30)
8FIG. 3: The eetive physial volume where the U links hange in one global over-relaxation (GOR) updating step as funtion
of the physial volume touhed. The results are obtained on 8
3
× 24 latties.
where ηi,µ are the staggered phases. We impose anti-periodi boundary onditions in the time diretion. The
pseudofermion eld Φ and the matrix M †(V )M(V ) are restrited to the even sites of the lattie [44℄. The matrix D
used in eq. (19) is given by
Di,j =
∑
µ
ηi,µ(Vi,µδi,j−µˆ − V
†
i−µˆ,µδi,j+µˆ) . (31)
The traes in Seff(V ) in eq. (21) are omputed by summing over the even sites only and give
tr[D4(V )] = 24Ω[3−
1
6Ω
∑
p
ReTr(Vp)] + 108Ω− 4δNt,4
∑
i,t=0
ReTr(Pi) , (32)
tr[D2(V )] = −12Ω . (33)
Ω denotes the total number of lattie points and we assume that there are more than 4 sites in eah spae-like diretion.
For Nt = 4 sites in the time-like diretion there is an extra ontribution to tr[D
4(V )] oming from the Polyakov lines
Pi starting at loation i, t = 0. The minus sign of the Polyakov line in eq. (32) is due to the anti-periodi boundary
onditions in time diretion.
As we desribed in Set. 2 we hoose the number of auxiliary gauge elds and the smearing parameters to be
N = 3 , α = 0.7 , λ = 500 . (34)
The global over-relaxation (GOR) desribed in Set. 4 is essential here as it onsiderably redues the autoorrelations
of the otherwise very rigid system. The GOR leaves the pure gauge ation of our system invariant but is subjeted
to an aept/rejet step whih aounts for the ratio of fermion determinants, see eq. (24). Sine the fermions ouple
diretly to the last level dynamial fat links, the aeptane rate αGOR is large enough to make the algorithm eetive.
The parameters α2 and α4 entering eq. (19) are hosen to maximize the aeptane rate αGOR. We use
α2 = −0.18 , α4 = −0.006. (35)
Setting α2 = α4 = 0, i.e. omputing the ratio of fermion determinants without deomposing the fermion matrix
aording to eq. (18) and eq. (19) gives a value for αGOR whih is a fator 10 smaller than what we ahieve with our
hoie. Moreover, keeping α4 = 0 and varying only α2 gives signiantly lower αGOR. The hoie of eq. (35) is not
unique, we identied in the α2 − α4 parameter spae a band-like region in whih αGOR reahes its maximal value.
Even with our improved GOR it is not possible to hange simultaneously all the U links, the eetiveness of the
algorithm would be very low. Instead we hoose a random blok of U links ontaining (NGOR/4) sites and reet only
the links within this blok. These hanges propagate more and more through the lattie as we onsider the asade
9links 100 × GOR 1 ×MET 1 × HMC total CG iterations
thin - - 1 1 133
fat 11.0 3.5 0.5 15.0 61
TABLE I: Timings for simulation of ordinary thin link HMC algorithm ompared to simulation of our algorithm with N = 3
auxiliary gauge elds. The dynamial latties are 8
3
× 24 and the lattie spaings and physial quark masses of the two
simulations are approximately mathed. The time unit is one updating step (onsisting of one HMC trajetory) of the ordinary
thin link algorithm. The last two olumns give the total time osts and the average number of onjugate gradient (CG)
iterations needed per inversion of M†M .
FIG. 4: Flavor symmetry violation for the dynamial runs with our fat link ation (fat. dyn.) and with the standard thin
link staggered ation (std. dyn.). The mass mpi of the lightest non-Goldstone pion is plotted as funtion of the mass mg of
the Goldstone pion (in units of r0). The lattie spaings and the orrelation lengths r0mg are approximately mathed. For
omparison we plot the quenhed results from Fig. 1 obtained with the orresponding valene ations (fat. quen. and std.
quen.).
of reetions eq. (8)-eq. (11), as 19 fat links have to be hanged by hanging one link. In Fig. 3 we plot the volume
of the lattie in whih the U links are eetively updated (atually the fourth root of it), i.e. (αGORNGOR/4)
1/4a
as funtion of the physial volume of the touhed U links (NGOR/4)
1/4a. These results are obtained on 83 × 24,
β = 5.2 and am = 0.1 latties. The lattie spaing from the string tension an be estimated as a ≈ 0.2 fm and the
orrelation length as r0mg ≈ 1.7. We see in Fig. 3 that there is a maximal physial volume
VGOR ≈ (0.3 fm)
4
(36)
whih an be updated with a reasonable aeptane rate. The atual value of αGOR depends on the number of touhed
links NGOR. The broad maximum in Fig. 3 orresponds to αGOR = 35% (NGOR = 64), αGOR = 26% (NGOR = 96)
and αGOR = 16% (NGOR = 144) on the above latties.
We observed that the value eq. (36) sales with the lattie spaing. On latties with smaller lattie spaing more
links an be updated at the same time, i.e. the physial volume of the updated region remains xed. On larger physial
volumes, on the other hand, one would have to inrease the number of GOR steps to ahieve the same eieny. In
our nite-temperature runs on 83 × 4 latties [45℄ we observed that the eetiveness of the algorithm inreases in
the deonned phase. Somewhat surprisingly, the eetiveness also inreases with dereasing quark mass. This fat
together with the faster onvergene of the onjugate gradient (see Table I) allows simulations at quark masses that
are not pratially possible with the standard thin link ation.
In simulating the 83 × 24 ≈ 20 fm4 latties, we found it eetive to follow eah Metropolis and HMC by 100 GOR
updating steps, eah reeting about (0.3 fm)4 setion of the thin link latties. For timing our algorithm we onsider
the omputer time neessary for 100 GOR steps, one Metropolis (MET) step for eah gauge eld U,W (1),W (2) and
10
one HMC trajetory for the V eld with step size ∆t = 0.015 and Ntraj = 30 steps. We ompare this to the time of
one HMC trajetory with step size ∆t = 0.015 and Ntraj = 30 steps for the thin link ation [46, 47℄ with parameters
β = 5.25 and am = 0.06. With these parameters the lattie spaings and the physial quark masses of the two ations
are approximately mathed. To ompare the times for one updating iteration is fair beause the autoorrelations for
simple observables like the plaquette or the hiral ondensate ψ¯ψ are observed to be the same for the two algorithms
in these time units.
In Table I we show the results of the timing omparison. We use one iteration of ordinary thin link HMC as time
unit. One iteration of our algorithm osts a fator 15 more but, as pointed out in Set. 2, we an eetively gain a
fator 102 − 104 in omputer time due to improved saling. With fat links, there is also a onsiderable redution (a
fator 2) in the number of onjugate gradient (CG) iterations needed for the inversion of M †M , as shown in the last
olumn of Table I.
Finally we onsider avor symmetry restoration on the dynamial fat link latties. Fig. 4 shows the rst results
obtained with our fat link ation on 83×24 latties with parameters β = 5.2, am = 0.1 (square). The lattie spaing is
a ≈ 0.2 fm and the Goldstone pion to rho mass ratio is mg/mρ = 0.71(1), indiating a orrelation length r0mg ≈ 1.7.
This point agrees very well with the quenhed results (otagons) taken from Fig. 1, i.e. avor symmetry violation
is redued to a few perent. To show the improvement due to the smearing of the gauge links, we also ran the
standard thin link staggered ation with two sets of parameters, β = 5.25, am = 0.06 (fany square) and β = 5.2,
am = 0.06 (burst). The lattie spaings from the string tension are approximately a ≈ 0.18 fm and a ≈ 0.22 fm, and
the orrelation lengths are r0mg ≈ 1.8 and r0mg ≈ 1.5, respetively. The avor symmetry violations on the thin link
dynamial latties agree with the quenhed preditions (fany diamonds). Our fat link dynamial ation has only
about 6% avor symmetry violation ompared to 60% of thin link ations at omparable lattie spaings.
VI. CONCLUSIONS
We presented a new method for simulating dynamial fermions with fat links onstruted through many levels of
projeted smearing. For eah level of smearing we introdue an auxiliary but dynamial gauge eld and these gauge
elds are onneted to eah other by bloking kernels representing one level of smearing. Sine the last of the auxiliary
elds ouple in the standard way to the fermions, our onstrution an be used with any known fermioni update. We
disussed the simulation of our system whih inludes an over-relaxation updating. The fat links entering the fermion
matrix make the over-relaxation eetive and this is the key feature of our algorithm.
At this time our algorithm is running on salar mahines and the over-relaxation step is worked out for four avors
of staggered fermions. The results for avor symmetry restoration onrm the quenhed results, that is, a fator 2.5
in the lattie spaing an be gained. Taking into aount that our algorithm is about 15-20 times slower than the
standard one, this gives an overall gain of at least a fator 10 in omputational osts.
We have used this algorithm to study the nite temperature phase transition of four avors of staggered fermions
at Nt = 4 [45℄. We observe a qualitative dierene ompared to thin link simulations. The strongly rst order phase
transition is washed away, we observe a very broad rossover instead. We believe this dierene is due to the improved
avor symmetry. In our simulations we have 15 relatively light pions ompared to the single Goldstone partile of
thin link simulations.
We are parallelizing the ode for large sale simulations [48℄. This requires a 32-hekerboard struture but it is
not more ompliated than parallelizing a Symanzik improved gauge ation. The over-relaxation generalizes easily for
two avors of Wilson fermions. To generalize it for two avors of staggered fermions we need an expliit realization
of the ation. That an be done by approximating the square root of the fermioni determinant with a polynomial
form [49, 50℄. Our preliminary study shows that it an be done eiently.
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